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Development of a Runge–Kutta Scheme with Total
Variation Diminishing for Magnetogasdynamics

Henri-Marie Damevin¤ and Klaus A. Hoffmann†

Wichita State University, Wichita, Kansas 67260-0044

Afour-stagemodi� ed Runge–Kutta scheme augmentedwith the Davis–Yee symmetrictotalvariationdiminishing
model in a postprocessing stage has been developed to solve the three-dimensional magnetogasdynamicequations.
The spatial discretization is performed using � nite difference schemes. To be applicable to complex geometries,
the system of governing equations and the system eigenstructure have been expressed in a generalized curvilinear
coordinate system. The algorithm is validated by solving benchmark problems and is subsequently used in general
applications. The shock-capturing properties are demonstrated by simulation of the magnetic shock tube and
comparison with solutions computed with other numerical schemes. The implementation of diffusion terms is
validatedby solvingthe Hartmannproblem,which admitsan analyticalsolution.The performanceof the algorithm
in multidimensional problems is illustrated in the simulation of ramp � ows and convergent channel � ows. The
method is shown to be accurate, with the ability to capture the physical phenomena arising in magnetogasdynamic
� ow� elds.

Nomenclature
A = convective � ux Jacobian matrix in x direction,

associated with E
B = norm of magnetic � eld vector, k EBk
B = convective � ux Jacobian matrix in y direction,

associated with F
EB = magnetic � eld vector 8

<

:

Bx

By

Bz

9
=

;

C = convective � ux Jacobian matrix in z direction,
associated with G

cp = speci� c heat at constant pressure
cs = speed of sound
D = electric intensity vector
E = convective � ux vector in x direction, fEg8 £ 1

Ev = diffusion � ux vector in x direction, fEvg8 £ 1
EE = electric � eld
et = speci� c total energy
ex , ey , ez = Cartesian base unit vectors
F = convective � ux vector in y direction, fFg8 £ 1

Fv = diffusion � ux vector in y direction, fFvg8 £ 1

f = body force
G = convective � ux vector in the z direction, fGg8 £ 1

Gv = diffusion � ux vector in the z direction, fGvg8 £ 1

H = magnetic source � ux vector, fH g8 £ 1
EH = magnetic intensity vector
Ha = Hartmann number
NNI = identity tensor
J = Jacobian of transformation
J = current density vector
K = load parameter in Hartmann problem

Received 8 March 2001; revision received 27 November 2001; accepted
for publication 3 December 2001. Copyright c° 2002 by Henri-Marie
Damevin and Klaus A. Hoffmann. Published by the American Institute of
Aeronautics and Astronautics, Inc., with permission. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0022-4650/02 $10.00 in
correspondence with the CCC.

¤Graduate Research Assistant, Department of Aerospace Engineering.
Student Member AIAA.

†Professor, Department of Aerospace Engineering. Associate Fellow
AIAA.

L = reference length
L = left eigenvectormatrix, fLg8 £ 8

M = Mach number
Pr = Prandtl number
p = pressure
Q = solution vector, fQg8 £ 1

q = surface heat � ux
R = right eigenvector matrix, fRg8 £ 8

Rb = magnetic pressure number
Re = Reynolds number
Rem = magnetic Reynolds number
T = temperature
t = time
U = norm of velocity vector, kUk
U = velocity vector 8

<

:

u

v

w

9
=

;

va = speed of Alfvén wave
v f = speed of fast magnetoacousticwave
vs = speed of slow magnetoacousticwave
x, y, z = Cartesian coordinates
° = ratio of speci� c heats
"e = electric permittivity
³ = generalized coordinate
³x ; ³y; ³z = transformationmetrics
´ = generalized coordinate
´x ; ´y ; ´z = transformationmetrics
¸ = eigenvalue/wave speed
¹ = absolute viscosity
¹e = magnetic permeability
ºe = magnetic diffusivity (ºe D 1=¹e¾e)
» = generalized coordinate
»x ; »y ; »z = transformationmetrics
½ = density
¾e = electric conductivity
NN¿ = shear stress tensor
NU = total variation diminishing (TVD) � ux limiter

function vector, f N8g8 £ 1

Ã = entropy correction function in TVD scheme

Indices

i = » direction
j = ´ direction
k = ³ direction
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Subscripts

a = Alfvén wave
d = magnetic � ux wave
e = entropy wave
f = fast magnetoacousticwave
ref = reference quantity
s = slow magnetoacousticwave
w = wall quantity
0 = reference quantity or vacuum quantity
1 = freestream quantity

Superscripts

* = nondimensionalquantities
N = quantity expressed in generalized curvilinear

coordinates

Introduction

P HENOMENA associated with the interaction between elec-
trically conducting � uids and magnetic � elds are considered

in widely diverse � elds such as astrophysics, high-temperature
physics, nuclear engineering, electrical power generation, etc. In
aerospace engineering, the application of magnetogasdynamics
(MGD) is investigatedfor hypersonic� ow control. Indeed,at veloc-
ity characteristicof spacecraft reentry, thermal ionization enhances
the electrical conductivity of the gas in the shock layers, so that
it is possible to consider magnetic control for this type of � ow.
Numerical simulations are essential for understanding these phe-
nomena. Several numerical schemes are available for the solution
of one-dimensionalMGD equations,1¡6 which have been expressed
as either a seven-wave system or an eight-wave system. In 1997,
Harada et al.5 and Augustinus et al.6 solved one-dimensional ideal
MGD equations using a four-stage modi� ed Runge–Kutta (RK4)
scheme amended with total variationdiminishing(TVD) limiters in
a postprocessingstage. Their scheme combined the high-order ac-
curacy and ef� ciency of the RK4 scheme with the shock-capturing
propertiesof the TVD model. The use of the TVD scheme as a post-
processing techniqueenhances the performanceof the RK4 scheme
at relatively low additional computational cost.

The extension of the one-dimensional schemes to multidimen-
sional MGD equations is not straightforward. First, the system of
governing equations exhibits a singularity; therefore, a modi� ca-
tion has to be introduced,7 and, second, implementation of several
of the numericalschemes requires the determinationof the eigenval-
ues and eigenvectors of the system. Augustinus et al.8 and Harada
et al.9 developed a two-dimensional version of the RK4 scheme
with TVD limiters for the solution of ideal MGD equations. This
code has been recently extended to account for gas viscosity and
magnetic diffusivity.10

MGD effects are three-dimensional. Note that, for two-
dimensional � ows, the dependent variables (momentum and mag-
netic � elds) are functions of two space variables but possess
three components. For simulation of general � ow� elds, a three-
dimensional approach is required. The objectives of the present re-
search activity are to determine the eigenvalues and eigenvectors
for the system of three-dimensional MGD equations in general-
ized coordinatesand subsequentlydevelopa modi� ed Runge–Kutta
scheme augmented with TVD limiters for three-dimensionalappli-
cations. The governing equations and the numerical schemes are
reviewed in the following sections.

Governing Equations
The governing equations of MGD include equations of elec-

tromagnetism and gasdynamics. The electromagnetic constitutive
equations for isotropic medium, in the absence of electric polariza-
tion and magnetic polarization,are expressed as

D D "e0
EE (1)

EB D ¹e0
EH (2)

The pre-Maxwell equations are written as

r ¢ D D 0 (3)

r ¢ EB D 0 (4)

r £ EH D J (5)

r £ EE D ¡ @ EB
@t

(6)

Equations(3–6) represent,respectively,the Gauss law for electricity
in a neutral medium, the Gauss law for magnetism, Ampere’s law,
and Faraday’s law. Ohm’s law for isotropic medium, expressed in a
reference frame, is assumed to be

J D ¾e. EE C U £ EB/ (7)

where Hall terms, ions slip, etc. are omitted, which is a reason-
able assumption for relatively low magnetic � elds. The continuity
equation, unaffected by electromagnetism, is

@½

@t
C r ¢ .½U/ D 0 (8)

The momentum equation for magnetogas is expressed as

D.½U/

Dt
D ¡ r p C r ¢ NN¿ C J £ EB (9)

where the J £ EB term represents the magnetic force. The energy
equation is written as

@

@t
.½et / C r ¢

µ³
½et C p C

B2

2¹e0

´
U ¡ . EB ¢ U/

¹e0

EB
¶

D r ¢ .U ¢ NN¿ / ¡ r ¢ Q C
J 2

¾e

(10)

where

½et D ½.U 2=2/ C p=.° ¡ 1/ C B2
¯

2¹e0 (11)

Adequate combinations of the preceding equations lead to a re-
duction of the number of equations to four main equations (or
eight scalar equationsin multidimensionalcase), expressedin terms
of four unknowns, namely, ½; ½U; EB, and ½et (or eight scalar un-
knowns). The interaction of the electromagnetic � eld on the � ow-
� eld is represented by the magnetic � eld only. The electric � eld,
though present, does not explicitly appear. These equations may be
expressed as follows:

@

@t

2

6664

½

½U
EB

½et

3

7775
C r ¢

2

6666666664

½U

½UU C
³

p C
B2

2¹e0

´
NNI ¡

EB EB
¹e0

U EB ¡ EBU³
½et C p C

B2

2¹e0

´
U ¡

EB
¹e0

.U ¢ EB/

3

7777777775

D

2

6666664

0

r ¢ NN¿
ºer2 EB

r ¢ . NN¿ ¢ U/ C r ¢ q C ºe
. r £ EB/2

¹e0

3

7777775
(12)

Note, in the subsequent sections, the Joule heating term is omit-
ted, for the sake of simplicity.This assumption has no considerable
impact on the solution of ideal MGD � ow (because the � uid is
in� nitely conducting) or incompressible � ow (because the energy
equation is decoupled).
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Cartesian Coordinates
Equation (12) is rearranged in a compact � ux vector formulation

in Cartesian coordinates as follows:

@Q
@t

C
@E
@x

C
@F
@y

C
@G
@z

D
@Ev

@x
C

@Fv

@y
C

@Gv

@z
(13)

where

Q D b½ ½u ½v ½w Bx By Bz ½et cT (14a)

½et D 1

2
½.u2 C v2 C w2/ C

p

° ¡ 1
C

B2
x C B2

y C B2
z

2¹e0

(14b)

E D
8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

½u

½u2 C p C
¡B2

x C B2
y C B2

z

2¹e0

½uv ¡
Bx By

¹e0

½uw ¡
Bx Bz

¹e0

uBx ¡ uBx

u By ¡ vBx

u Bz ¡ wBx
³

½et C p C
B2

x C B2
y C B2

z

2¹e0

´
u ¡

Bx

¹e0
.u Bx C vBy C wBz/

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(14c)

F D
8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

½v

½uv ¡
Bx By

¹e0

½v2 C p C
B2

x ¡ B2
y C B2

z

2¹e0

½vw ¡
By Bz

¹e0

vBx ¡ uBy

vBy ¡ vBy

vBz ¡ wBy
³

½et C p C
B2

x C B2
y C B2

z

2¹e0

´
v ¡

By

¹e0
.u Bx C vBy C wBz/

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(14d)

G D
8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

½w

½uw ¡
Bx Bz

¹e0

½vw ¡
By Bz

¹e0

½w2 C p C
B2

x C B2
y ¡ B2

z

2¹e0

wBx ¡ uBz

wBy ¡ vBz

wBz ¡ wBz
³

½et C p C
B2

x C B2
y C B2

z

2¹e0

´
w ¡

Bz

¹e0
.u Bx C vBy C wBz/

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(14e)

Ev D

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

0
¿x x

¿x y

¿x z

1
¹e0¾e

@ Bx

@x

1

¹e0¾e

@ By

@x

1
¹e0¾e

@ Bz

@x

u¿x x C v¿x y C w¿xz C qx

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(14f)

Fv D

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

0
¿yx

¿yy

¿yz

1

¹e0¾e

@ Bx

@y

1

¹e0¾e

@ By

@y

1
¹e0¾e

@ Bz

@y

u¿y x C v¿yy C w¿yz C qy

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(14g)

Gv D

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

0
¿zx

¿zy

¿zz

1

¹e0¾e

@ Bx

@z

1

¹e0¾e

@ By

@z

1
¹e0¾e

@ Bz

@z

u¿zx C v¿zy C w¿zz C qz

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(14h)

Enforcement of Gauss Law for Magnetism
In the system of governing equations presented, Eq. (4) is im-

plicitly incorporated, but it is not set as an equation to be solved
explicitly. Thus, spurious magnetic � eld divergence can arise from
discretization errors and signi� cantly degrade the solution. Equa-
tion (4) causes a fundamental difference between one-dimensional
problemsandmultidimensionalproblems.In one-dimensionalprob-
lem, for instance, along the x axis, the solution vector Q has eight
components as expressed by Eq. (14a), and Eq. (4) reduces to

@ Bx

@ x
D 0 ) Bx D const

The constancy of Bx must be met as an initial condition. No
evolution equation for Bx requires to be solved. Seven of the eight
variables only need to be updated. Therefore, the � fth component
of equation is dropped, leading to a seven-wave system. The seven
waves, whose speeds constitute the eigenvalues of the system, are
one entropy wave traveling with speed ¸e D u, two Alfvénic waves
traveling with the speed ¸a D u § va , and two fast and two slow
magnetoacoustic waves traveling with the speeds ¸ f D u § v f and
¸s D u § vs , respectively. In more than one dimension, Eq. (4) does
not lead to the system reduction as noted earlier, that is, the eight-
equationstructureis required.Linearizationof the convective� uxes
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in Eq. (13), which are not homogeneousof degree one with respect
to Q, yields

@Q
@t

C A
@Q
@x

C B
@Q
@y

C C
@Q
@z

D @Ev

@x
C @Fv

@y
C @Gv

@z
(15)

where

A D @E
@Q

(16a)

B D @F
@Q

(16b)

C D
@G
@Q

(16c)

It can be shown that the Jacobian matrices A, B, and C are sin-
gular due to the existence of zero eigenvalues. On the one hand, a
zero eigenvalue has no physical meaning. As observed in the case
of the seven-wave model, the eigenvalues of A should appear ei-
ther singly as the x component of the � ow velocity u, or in pairs
symmetric about u. On the other hand, a zero eigenvalue is numeri-
cally notdesirablebecausethe mode associatedwith it is undamped.
In addition, the existence of zero eigenvalue causes mathematical
dif� culties in the determination of eigenvectors.To remove the sin-
gularity, the methodologyintroducedby Powell,7 is extended to the
three-dimensional case. For instance, the Jacobian matrices A is
modi� ed to meet the following criteria (the same reasoning applied
to B and C): 1) The eigenvalues and eigenvectors corresponding to
the seven-wave mode remain the same. 2) The eigenvalue for the
new eighth wave is set equal to u (the only physicalchoice for a sin-
gle eigenvalue). 3) The eight-wavemodel reduces to the seven-wave
model in the case Bx D const. The eight waves (in the x direction)
are one entropy wave traveling with speed ¸e D u, two Alfvénic
waves traveling with the speed ¸a D u § va , two fast and two slow
magnetoacoustic waves traveling with the speed ¸ f D u § v f and
¸s D u § vs , respectively,and one magnetic � ux wave travelingwith
speed ¸d D u. The modi� cations introduced to the Jacobian matri-
ces A, B, and C lead to an additional terms to the conservativeform
of the governing equation as

@

@t

2

6664

½

½U

EB
½et

3

7775
C r ¢

2

666666664

½U

½UU C
³

p C
B2

2¹e0

´
NNI ¡

EB EB
¹e0

U EB ¡ EBU³
½et C p C

B2

2¹e0

´
U ¡

EB
¹e0

.U ¢ EB/

3

777777775

C

2

666666664

0

EB
¹e0

U

U ¢
EB

¹e0

3

777777775

r ¢ EB

| {z }
additional terms

D

2

6664

0

r ¢ NN¿
ºer2 EB

r ¢ . r ¢ NN¿ / ¡ r ¢ Q

3

7775
(17)

Now Eq. (13), with the additional term H, is written as follows:

@Q
@ t

C @E
@x

C @F
@y

C @G
@z

C H D @Ev

@x
C @Fv

@y
C @Gv

@z
(18)

where

H D HM

³
@ Bx

@x
C @ By

@y
C @ Bz

@z

´
(19a)

HM D

2

66666666666666666664

0
Bx

¹e0

By

¹e0

Bz

¹e0

u
v

w

uBx C vBy C wBz

¹e0

3

77777777777777777775

(19b)

Nondimensional MGD Equations in Generalized Coordinates
To achieve dynamic and energetic similarity between geometri-

cally similar � ow� elds, Eq. (18) is nondimensionalized using the
following variables:

.x¤; y¤; z¤/ D .x; y; z/=L ref; t¤ DUreft=L ref; ½¤ D ½=½ref

p¤ D p
¯

½refU
2
ref; T ¤ D T=Tref

.u¤; v¤; w¤/ D .u; v; w/=Uref

¡
B¤

x ; B¤
y ; B¤

z

¢
D .Bx ; By ; Bz/=Bref

e¤
t D et

¯
U 2

ref; "¤
e0 D "e0="e0 D 1

¹¤
e0 D ¹e0=¹e0 D 1; ¾ ¤

e D ¾e=¾e ref

¹¤ D ¹=¹ref; c¤
p D cp=cp ref; k¤ D k=kref

The resulting nondimensional reference parameters are the
following:

Reynolds number

Reref D
½refUref L ref

¹ref

(20a)

Prandtl number

Prref D
cp ref¹ref

kref

(20b)

Mach number

Mref D
Urefp

° p.½ref; Tref/=½ref

(20c)

Magnetic Reynolds number

Rem ref D ¾e ref¹e0Uref L ref (20d)

Magnetic force (or pressure) number

Rb ref D
B2

ref

½ref¹e0U 2
ref

(20e)

In the subsequent sections, the asterisk notation denoting dimen-
sionless variable will be dropped. Thus, all of the equations will
be in nondimensional form unless otherwise speci� ed. The MGD
equation in physical space is transformed to a computation space
and expressed as

@ NQ
@t

C @ NE
@»

C @ NF
@´

C @ NG
@³

C NH D @ NEv

@»
C @ NFv

@´
C @ NGv

@³
(21)

where

NQ D Q
J

(22a)
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NE D
1
J

.»x E C »y F C »zG/ (22b)

NF D 1
J

.´x E C ´y F C ´zG/ (22c)

NG D 1
J

.³x E C ³yF C ³zG/ (22d)

NH D HM

³
@ NBx

@»
C @ NBy

@´
C @ NBz

@³

´
(22e)

NB x D 1
J

.»x Bx C »y By C »z Bz/ (22f)

NB y D 1
J

.´x Bx C ´y By C ´z Bz/ (22g)

NB z D
1
J

.³x Bx C ³y By C ³z Bz/ (22h)

NEv D 1
J

.»x Ev C »y Fv C »zGv/ (22i)

NFv D 1
J

.´x Ev C ´y Fv C ´zGv / (22j)

NGv D 1
J

.³x Ev C ³yFv C ³zGv/ (22k)

Expanded expressionsof the � ux vectors in generalizedcurvilin-
ear coordinates are provided in Ref. 11.

The convectivepart of Eq. (21), which attainshomogeneityof de-
gree one by introductionof Powell’s modi� cation,7 can be rewritten
in terms of � ux Jacobian matrices as follows:

@ NQ
@t

C NA
@ NQ
@»

C NB
@ NQ
@´

C NC
@ NQ
@³

D @ NEv

@»
C @ NFv

@´
C @ NGv

@³
(23)

where

NA D @ NE
@ NQ

C HM
@ NB x

@ NQ
(24a)

NB D @ NF
@ NQ

C HM
@ NB y

@ NQ
(24b)

NC D @ NG
@ NQ

C HM
@ NB z

@ NQ
(24c)

Numerical Method
Because of its high-order accuracy and ef� ciency, the RK4

scheme12 is used. However, the second-order central differences
used in the approximation of the convective terms may produce
some spurious numerical oscillations in the region where the con-
vective � uxes dominate and where strong shocks are present. To
stabilize the solution, the RK4 scheme is augmented with a TVD
model in a postprocessing stage at each iteration level. The TVD
model is based on the eigenstructure of the � ux Jacobian matri-
ces associated with the convective part of the numerical � uxes. To
prevent oscillations, the TVD scheme switches smoothly to � rst or-
der in the vicinity of a discontinuity, yet changes to second order
away from the discontinuityto preserve the order of accuracyof the
solution in the smooth regions of the � ow.

Eigenvalues and Eigenvectors
The eigenvalues of the � ux Jacobian matrix NA are expressed as

¸0»
D NU (25a)

¸a»§ D NU § Nva»
(25b)

¸ f»§ D NU § Nv f» (25c)

¸s»§ D NU § Nvs»
(25d)

¸d»
D NU (25e)

where NU , Nva»
, Nv f» , and Nvs»

are thecontravariantvelocity,Alfvénwave
speed, and fast and slowmagnetoacousticwave speeds,respectively.
The associated right and left eigenvectors are expressed as

NR» D
£
r0»

ra»C ra»¡ r f»C r f»¡ rs»C rs»¡ rd»

¤
(26a)

NL» D NR¡1
» D

£
l0»

la»C la»¡ l f»C l f»¡ ls»C ls»¡ ld»

¤T

(26b)

Eigenvectors NR» and NL» are provided in Ref. 11. The eigenstructure
of NB and NC are obtainedby substituting» with ´ and ³ , respectively.

Modi� ed Runge–Kutta Scheme and TVD Model
The algorithm is expressed as

NQ.0/

i; j;k D NQn
i; j;k (27a)

NQ.1/

i; j;k D NQn
i; j;k ¡ 1t

4

³
@ NE
@»

C @ NF
@´

C @ NG
@³

C NH

¡
@ NEv

@»
¡

@ NFv

@´
¡

@ NGv

@³

´.0/

i; j;k

(27b)

NQ.2/

i; j;k D NQn
i; j;k ¡ 1t

3

³
@ NE
@»

C @ NF
@´

C @ NG
@³

C NH

¡ @ NEv

@»
¡ @ NFv

@´
¡ @ NGv

@³

´.1/

i; j;k

(27c)

NQ.3/

i; j;k D NQn
i; j;k ¡ 1t

2

³
@ NE
@»

C @ NF
@´

C @ NG
@³

C NH

¡ @ NEv

@»
¡ @ NFv

@´
¡ @ NGv

@³

´.2/

i; j;k

(27d)

NQ.4/

i; j;k D NQn

i; j;k ¡ 1t

³
@ NE
@»

C
@ NF
@´

C
@ NG
@³

C NH

¡ @ NEv

@»
¡ @ NFv

@´
¡ @ NGv

@³

´.3/

i; j;k

(27e)

NQn C 1
i; j;k D NQ.4/

i; j;k

¡
1

2

1t

1»

h
. NR» /n

i C 1
2 ; j;k

. NU » /n
i C 1

2 ; j;k
¡ . NR» /n

i ¡ 1
2 ; j;k

. NU » /n
i ¡ 1

2 ; j;k

i

¡ 1
2

1t

1´

h
. NR´/n

i; j C 1
2 ;k

. NU ´/n
i; j C 1

2 ;k
¡ . NR´/n

i; j ¡ 1
2 ;k

. NU ´/n
i; j ¡ 1

2 ;k

i

¡ 1

2

1t

1³

h
. NR³ /n

i; j;k C 1
2
. NU ³ /n

i; j;k C 1
2

¡ . NR³ /n
i; j;k ¡ 1

2
. NU ³ /n

i; j;k ¡ 1
2

i

(27f)

The convective and diffusion terms are evaluated using second-
order central � nite differences. The TVD � ux limiter function vec-
tors . NU » /i § 1=2; j;k , . NU ´/i; j § 1=2;k , and . NU ³ /i; j;k § 1=2 for the Davis–Yee
symmetric TVD model are provided in Ref. 11.

Validation Cases
To evaluate the performance of the numerical code (RK4TVD),

several test cases are considered, for which either analytical solu-
tions or numerical solutions obtained with different methods are
available. First, the accuracy and the shock-capturingproperties are
addressed by solving the MGD shock-tube problem. Second, the
implementation of the diffusion terms is validated by simulating
Hartmann � ow. Finally, the code performance is demonstrated in
the computation of multidimensional supersonic � ows involving
multiple shock waves and expansion waves.
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MGD Shock Tube
To validate the shock-capturing properties of the numerical

scheme, the MGD shock-tube problem is considered. In this prob-
lem, a diaphragm separates a high-pressure region 1 from a low-
pressure region 2, as illustrated in Fig. 1. The mesh consists of
801 £ 3 £ 3 grid points. (For the three-dimensional code, a min-
imum of three grid points in each direction is required.) Table 1
indicates the initial conditions, as used originally by Brio and Wu1

and recently by Gaitonde13 and Canupp.14 The mesh and the time
steps are the same as those employed by Brio and Wu.1 The tube
measures800 lengthunits with 1x D 1. The time step is speci� ed as
1t D 0:2. At t D 0, (diaphragm burst) computation starts. Solution
is considered after 400 time steps, that is, at t D 80.

In Fig. 2, the numerical solution of the RK4TVD scheme is com-
pared to results obtained with two differentmethods: a fourth-order
compact difference scheme (CDS) developed by Gaitonde13 and
a � ux vector splitting (FVS) method considered by Canupp.14 In
this numerical simulation, the three different approaches lead to
remarkably similar results. For the sake of comparison, the numer-
ical Euler solution computed with the RK4TVD scheme is also
provided. In the absence of magnetic � eld, only three waves are ob-

Table 1 MGD shock-tube initial conditionsa

Region 1 Region 2

½ D 1, p D 1 ½ D 1
8 , p D 1

10

U D

(
0

0

0

)
, EB D

8
<

:

3
4

1

0

9
=

; U D

(
0

0

0

)
, EB D

8
<

:

3
4

¡1

0

9
=

;

a° D 2, ¹e D 1, ¾e » C 1.

Fig. 1 MGD shock-tube
con� guration.

a) Density

b) Pressure

c) Velocity x component

d) Velocity y component

e) Magnetic � eld x component

f) Magnetic � eld y component

Fig. 2 MGD shock-tube simulations: - - - -, without magnetic � eld;
——, with magnetic � eld; , RK4TVD; ¤, CDS; and ¦, FVS.

served, namely, expansionwaves propagatingto the left, the contact
discontinuity,and the normal shock propagating to the right. In the
presenceof magnetic � eld, � ve waves develop, as labeled in Fig. 2a.
The � ve waves are a left-moving fast rarefaction, a slow compound
wave, a contact discontinuity,a slow wave, and a right-moving fast
rarefaction.

Figure 2a presents the density distribution along the tube. The
RK4TVD scheme yields a fractionally higher density on the right
side of the slow compound wave, compared to the other schemes.
All methodspredictnearly identicalwave speeds for all of the waves
present in the � ow. Figure 2b shows the pressure distribution in the
tube. Pressure waves are resolved nearly identically by all three
methods. The CDS approach produces a slight undershoot in front
of the slow shock. Figure 2c illustrates the x componentof velocity.
The RK4TVD schemeresolvesthe left-movingfastrarefactionwave
slightlybetter than FVS, but not quite as well as CDS. For the right-
moving fast rarefactionwave, CDS yields better resolution,but also
produces an undershoot in the velocity on the right side of the slow
shock wave. Figure 2d depicts the y component of velocity. All
methods yield nearly identical results. In Fig. 2e, it is observed that
the x component of magnetic � eld remains constant throughout the
tube, which indicates that the method is divergence free. Figure 2f
shows the distributionof the y componentof the magnetic � eld. All
methods produce similar solutions.

Both RK4TVD and FVS seem to be more dissipative than CDS.
This results in a slight smearingof the waves. However, the arti� cial
viscosity produced by the TVD model in the RK4TVD scheme
prevents spurious oscillations such as the undershoot or overshoot
observed in the case of the CDS approach.

Hartmann Flow
The nomenclaturefor the Hartmannproblemis providedin Fig. 3.

An electricallyconducting� uid � ows in the x directionbetween two
parallel nonconductingplates.The � ow is assumed steady, fully de-
veloped, and two dimensionalnear the centerplane(w=h À 1). The
conducting� uid is incompressible,Newtonian,satisfyingtheStokes
hypothesis, with uniform viscosity and uniform electrical conduc-
tivity. Based on these assumptions, the governingequations (1–10)
lead to the following results. E y D 0 and Ez D E0 , where E0 is a
constant representing the electric � eld between the two electrodes,
which are connected to either an electric load or a power supply.
By D B0, where B0 is a constant representing the applied magnetic
� eld, and Bz D 0. The condition under which By is not perturbed is
that current return paths are provided adjacent to the channel walls.
The streamwisepressuregradient@p=@x , which is the pressurehead
maintaining the � ow, is determined to be a constant. The velocity
and induced magnetic � eld distributions,adapted from Ref. 15, can
be expressed as follows:

u.y/ D U0 Haref
cosh Haref ¡ cosh.2y Haref=h/

Haref cosh Haref ¡ sinh Haref

(28)

Bx .y/ D ¡¹e0
h

2

³
J0 C 1

B0

@p

@x

´
sinh.2y Haref=h/

sinh Haref
C ¹e0

1
B0

@p

@x
y

(29)

where

U0 D ¡
³

J0

¾e ref B0
C 1

¾e ref B2
0

@p

@x

´
.Haref coth Haref ¡ 1/ (30)

Fig. 3 Schematic of rectangular channel for Hartmann–Poiseuille
� ow.
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U0 is the mean � ow velocityand J0 is themeancurrentdensityacross
the channel (in the z direction). All parameters in Eqs. (28–30) are
provided, except J0, which can be determined from the following
relations:

J0 D ¡.2=¹e0h/Bx jy D h=2 (31)

Bx jy D h=2 D B0 Rem ref.Kref ¡ 1/ (32)

The similarity parameters of interest are de� ned as

Reref D ½refUref L ref

¹ref
; Haref D B0 L ref

r
¾e ref

¹ref

Rem ref D ¾e ref¹e0Uref L ref; Kref D ¡
E0

Uref B0

where

L ref D h=2; ½ref D ½1; Uref D U0

¹ref D ¹1; ¾e ref D ¾e1

For � xed values of Reref , Haref, and Kref, the pressure gradient is
speci� ed as

@p

@x
D

½refU 2
ref

L ref

³
Kref ¡

Haref

Haref ¡ tanh Haref

´
Ha2

ref

Reref

(33)

With substitution of Eqs. (31–33), the induced magnetic � eld can
be expressed as

Bx .y/ D B0 Rem ref

µ
.Kref ¡ 1/

2y

h

C sinh.2yHaref=h/ ¡ .2y=h/ sinh Haref

Haref cosh Haref ¡ sinh Haref

¶
(34)

The nondimensional parameter Kref allows the selection of the
operating modes, that is, a generator for 0 < K ref < 1 and an accel-
erator for Kref > 1. The case Kref D 1 corresponds to the � ow meter
because, by measuring E0 and given B0, the mean � ow velocity
U0 can be determined. For Kref D 0, the channel is short circuited,
and all of the current � ows in one direction. On the other hand, for
Kref D 2, the external power supply forces all of the current to � ow
in the opposite direction compared to the case Kref D 0.

The boundary conditions (in dimensional form) required for nu-
merical simulations are now described. On the lower and upper
sides of the channel, the no-slip velocity condition is enforced and
the magnetic � eld is speci� ed. Parameter Kref is controlled via the
value of Bx applied antisymmetricallyon the upper and lower sides
of the channel. The wall pressure is computed by considering the
balanceof forces normal to the wall13 (the y componentof momen-
tum equation applied at the wall):

@

@y

³
pw C

B2
x;w

2¹e0

´
D 0 (35)

All primitive variables are extrapolatedfrom the interior domain
at the inlet and outlet, except the pressure. Given the in� ow static
pressure p0 at midheight(y D 0), the distributionof static pressureat
the in� ow section is calculatedusing the y componentofmomentum
equation under the assumptions of the Hartmann problem as

8y 2 [¡h=2; h=2]; pi .y/ D p0 ¡ B2
x .y/

¯
2¹e0 (36)

At the exit, the static pressure distribution is expressed as

8y 2 [¡h=2; h=2]; pe.y/ D pi .y/ C @p

@x
l (37)

Numerical simulations are presented for a � xed Reynolds num-
ber of Reref D 105 and a � xed magnetic Reynolds number of
Rem ref D 1:83627. The mean � ow Mach number is about 0.086. At

a) Velocity b) Induced magnetic � eld

Fig. 4 Poiseuille–Hartmann simulation for various Hartmann num-
bers: - - - -, analytical solution; ——, numerical solution; ¦, Haref = 0;
¤, Haref = 1; , Haref = 5; and M, Haref = 10.

Fig. 5 Poiseuille–Hartmann sim-
ulation for various load param-
eters, induced � eld Bx: - - - -,
analytical solution; ——, numeri-
cal solution; ¦, Kref = 0.0; ¤, Kref
= 0.5; , Kref = 1.0; M, Kref = 1.5;
and O, Kref = 2.0.

sucha low Machnumber, the numericalsolution(which is computed
with a compressible � ow solver) is unaffected by compressibility
and is, thus, consistentwith the assumptionsof the Hartmann prob-
lem. The mesh used consists of 10 £ 101 £ 3 points. Only a few
points in the streamwise direction are necessary because the � ow is
fully developed. On the other hand, more grid points, with cluster-
ing at the wall (minimum spacing 1y=h D 0:00032), are required
in the vertical direction for resolution of the viscous � ow� eld.

Figure 4 shows the velocity pro� les and induced magnetic � eld
at various Hartmann numbers for Kref D 1. The Hartmann number
is controlled via the value of B0 applied symmetrically on the up-
per and lower sides of the channel. Excellent agreement between
numerical and analytical solutions is obtained. At a � xed Reynolds
number (i.e., � xed mean � ow velocity U0 ), the shape of the ve-
locity pro� le is a function of the Hartmann number only, as ex-
pressed by Eq. (28). It is observed that the velocity pro� les � atten
as the applied magnetic � eld or Haref is increased. To better un-
derstand this phenomenon, the expression for Lorentz force is ex-
amined: f D J £ EB with J D ¾e0.E0 C uB0/ez and EB D Bx ex C B0ey .
That is, f D ¾e0.E0 C u B0/.¡B0ex C Bx ey /. In the case of � ow me-
ter (Kref D 1), E0 D ¡U0 B0 . The channel is open circuited, and
the net current � ow is zero. Lorentz force is then rewritten as
f D ¾e0.u ¡ U0/B0.¡B0ex C Bx ey /. At the wall, Bx .§h=2/ D 0 and
u.§h=2/ D 0. Thus, f D ¾e0U0 B2

0 ex . Therefore, the force accel-
erates the � ow near the wall. At the centerline, Bx .0/ D 0 and
u.0/ D umax > U0. Thus, the force decelerates the � ow at the center
of the duct, which explains the � attening of the parabolic pro� le
with increasing applied magnetic � eld B0.

The various operating modes are now simulated by varying the
parameter Kref for Haref D 10 and a � xed Reynolds number. Veloc-
ity pro� les (not shown) are the same for different values of Kref.
However, the induced magnetic � eld varies with Kref as illustrated
in Fig. 5. Numerical simulations and analytical solutions compare
verywell.The curves K ref D 0 and Kref D 0:5 are similar to thecurves
Kref D 2 and Kref D 1:5, respectively,exceptthat the magnetic induc-
tion lies in the opposite direction, as a result of the current � owing
in the opposite direction.

Figure 6 depicts the variation of pressure across the channel for
the variousvaluesof Kref investigated.Note that the normal pressure
gradient at wall is not zero due to the magnetic � eld applied at the
wall.
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Fig. 6 Poiseuille–Hartmann sim-
ulationfor variousloadparameters,
pressure pro� les: ¦, Kref = 0.0; ¤,
Kref = 0.5; , Kref = 1.0; M, Kref =
1.5; and O, Kref = 2.0.

a) Pressure � eld

b) Shock-wave angle c) Pressure pro� les at location
x = 0.9

Fig. 7 Simulation of ideal MGD � ow over a 10-deg compression
corner.

Supersonic Compression and Expansion Waves
To examine the shock-capturing properties in multidimensional

cases, supersonic � ows of ideal magnetogas over compression and
expansion corners and in convergent channels are addressed. For
all of these cases, the boundary conditions are the following. At
the in� ow, freestream conditions are assumed: p1 D 278:0 Pa,
T1 D 251:0 K, and M1 D 10:0, and the magnetic � eld is applied.At
the walls, the slip-velocity condition and zero normal gradients for
all properties are imposed. At the out� ow and far-� eld boundaries,
zero-order extrapolationsare used.

For the supersonic compression and expansion ramps, a mesh
consistingof 49 £ 41 £ 10 grid points is used. The magnetic � eld is
speci� ed as Bx0 D By0 D Bz0 D B0 . Figure 7 presents the idealMGD
� ow simulation over a 10-deg compression corner. The application
of magnetic� eldcausesthe shockwaveangle to increase.Secondary
waves developdownstreamof the cornernear the wall. Examination
of the pressure pro� les at station x D 0:9 length units downstream
of the corner shows that the � ow undergoes compression across
both the shock wave and the secondarywaves. Also, the strength of
the secondary wave increases with the magnetic � eld, whereas the
strength of the external shock wave reduces and wall pressure (at
location y D yw ) drops with the magnetic � eld. Figure 8 depicts the
ideal MGD � ow simulation over a 10-deg expansion corner. In the
presence of a magnetic � eld, the expansion fan angle increases and
new waves develop in the � ow.

The effect of the orientation of magnetic � eld is investigated by
considering a converging channel along the x axis, as illustrated in
Fig. 9. The walls at k D 1 and k D K M consistof 5-deg compression

a) Pressure � eld b) Pressure pro� les at location
x = 0.9

Fig. 8 Simulation of ideal MGD � ow over a 10-deg expansion corner.

Fig. 9 Mesh, 48 £ £ 31 £ £
31, for the three-dimen-
sional channel composed of
two compression corners.

Fig. 10 Simulation of ideal MGD � ow in two-dimensional convergent
channel; effect of magnetic � eld orientation on the pressure � eld.

corners and the walls at j D 1 and j D J M are � at. As shown in
Fig. 10, the application of magnetic � eld in the x direction or in the
y direction produces a signi� cant increase in the shock wave angle.
On the other hand, application of magnetic � eld in the z direction
leads to no signi� cant effect, compared to the Euler solution.

Now, to demonstratethe performanceof thealgorithmin the com-
putationof three-dimensional� ows, a shock/shock interactionprob-
lem is solved in a convergent channel, as illustrated in Fig. 11. The
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Fig. 11 Mesh, 48 £ £ 31 £ £
31, for the three-dimensional
channel composed of three
compression corners.

Fig. 12 Simulationof idealMGD � owin three-dimensionalconvergent
channel, effect of magnetic � eld on the pressure � eld.

walls at k D 1 andk D K M consistof 5-degcompressioncorners,the
wall at j D 1 is a 10-degcompressioncornerand the wall at j D J M
is a plane. A longitudinal magnetic � eld is applied, Bx0 D B0 and
By0 D Bz0 D 0.

Numerical simulationsare conducted for a longitudinalmagnetic
� eld .Bx0; By0; Bz0/ D .B0; 0; 0/. Figure 12 presents the magnetic
effect on the pressure � eld. In the absenceof a magnetic � eld, shock
waves interfere at the edges. In the presence of a magnetic � eld, the
shock wave angles increase, as expected.

Conclusions
A computer code utilizing an RK4 scheme augmented with the

Davis–Yee symmetric TVD model has been developed to solve
MGD equations in three dimensions. The algorithm is designed for
simulation of steady or unsteady,compressible, inviscid,or viscous
� ows.

The method has been validated by solving various benchmark
problems. The � rst test case was the one-dimensionalMGD shock-
tube problem validating the TVD model. Excellent agreement with
the existing numerical solutions has been obtained. The Hartmann
problem has been solved to verify the addition of the viscous and
resistiveterms. For the rangeof Hartmannnumbers investigated,nu-
merical and analytical solutions have compared very well. Finally,
high-speedsupersonic� ows involvingcompressionand expansions

waves have been computed to demonstrate the shock-capturing
capability of the scheme in multiple dimensions.
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